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Without Extrapolation Control
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Extrapolation Control Warning in Action
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Turn Extrapolation Control On
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Turn Extrapolation Control On
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Two Types of Extrapolation Control

» Leverage Extrapolation Control * General Extrapolation Control
. Fit Model > Least Squares J Fit Model > Generalized Regression
° Graph > Profiler
° Neural
O Partial Least Squares
O Support Vector Machines
* Naive Bayes
"
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Least Squares Extrapolation Control

Fit Model > Least Squares

Based on Leverage

Lev (x) = xI(X'X) x

xis the prediction point

X is the design matrix of training data

Leverage is equivalent to a scaled prediction variance
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General Extrapolation Control Design Goals

Fast to fit and score  Robust to missing cells

Continuous and categorical data « Robust to linear dependencies

]

Easy to automate ‘out of the box _ _
* Relatively easy to explain
Unsupervised model of the Xs

Totally separate from prediction model
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Generalized Extrapolation Contro
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Extrapolation Control
Fit Model Least Squares Example

— Fitness Data
* Response — Oxygen uptake during exercise

* Predictors — Run Time, Run Pulse, Max Pulse

— Extrapolation Metric — Leverage
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Fit Model Least Squares — Fitness Data
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Fit Model Least Squares — Fitness Data
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Extrapolation Control
Neural Model Example

— Diabetes Data

* Response — Measure of disease progression one year after baseline variables taken.

* Predictors — Baseline variables: age, gender, body mass index, average blood pressure, and six
blood serum measurements

— Extrapolation Metric — Regularized T Square
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Neural Model - Diabetes Data
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* Extrapolation Metric is
regularized T Square.

* Extrapolation Control
Threshold is 3*standard
deviation of sample
regularized T Squares.



Extrapolation Control
Graph Profiler Example with Two Models

— Powder Metallurgy Data

* Responses
* Shrinkage — Least Squares Model
* Surface Condition (pass/fail) — Nominal Logistic Model

* Predictors — Formation method, compaction method, compaction pressure, sintering method,
ratio, P1-P4.

— Extrapolation Metric — Regularized T Square

Copyright © SAS Institute Inc All rights reserved



Graph Profiler — Powder Metallurgy Data
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Extrapolation Control Goals

* Fast to fit and score

— Interactivity of traces and optimization
* Mixed data types

— Continuous, categorical, ordinal

* Robust to missing cells
* Robust to linear dependencies
* Easy to automate
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Extrapolation Control Distance Metrics
Ordinary Least Squares (OLS) — Leverage

Leverage(x,) = x,(X'X) " x,

— where x, is the prediction point and X is the design matrix.
Several interpretations

— Multivariate distance from the center of the training data
— Scaled prediction variance

Intuitive thresholds for defining extrapolation.
— Maximum Leverage — points beyond are outside the convex hull of the training data.
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— 3*Average Leverage = 3 % where p is the number of model terms and n is the
number of observations.

Non-linear constraint on optimization — Genetic Algorithm
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Generalized Extrapolation Contro
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Extrapolation Control Distance Metrics
General Predictive Modeling - Hotelling’s T?

* Leverage can be interpreted as
a measure of multivariate
distance from the mean of the
data.

* This suggests Hotelling’s T? as a
distance metric for predictive
models in general.

— Distributional assumptions
determine an upper control limit.
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Hotelling’s T?

* Hotelling’s T? defined as:

T2 = (x = %)TE " (x — &)

* |f p < nand the predictors are multivariate normal, then:

T2 4~ EEP E(p n — p)

* We use a more generalized 3 sigma control limit:

UCL = T? + 367

Copyright © SAS Institute Inc. All rights reserved



Regularized Hotelling’s T2

* |t is possible that p > n, so we use Schafer and Strimmer’s shrinkage estimator?:

>=(1-NM)0+\D
* For lambda, there is an analytical expression
 For target matrix (D), use a diagonal matrix with the predictor variances on the
diagonal
* Advantages for extrapolation control
— Prior is that predictors are uncorrelated
— When data is limited, extrapolation control is conservative

— See arXiv paper for simulation details
* https://arxiv.org/pdf/2201.05236.pdf (Also submitted to Journal of Computational and Graphical Statla.
)))

J. Schafer, K. Strimmer. Stat. Appl. Genet. Mol. 4.1 (2005). ] D* oo

ROM SA 5
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Regularized Hotelling’s T?: Additional Details

 Categorical variables are dummy encoded

* When there are missing values, a pairwise deletion method is used to estimate
the covariance matrix, U = ((v¥)), where:

K i (xf=%F) (x] =x") 1 (x} # NA,x/ #NA)
T 1(xF£NA x/£NA)

k _ 2oim X,'kl(x;k#NA)
_ 1(x<#NA)

X



Additional Advantages of Regularized T?

Regularization balances bias-variance tradeoff

Shown to work well in high dimensional settings

Closely related to PCA/PLS models with a T? and DModX constraint
Regularized T2doesn’t require projection

— Generalizes well to other types of models
— Robust to non-linear relationships between predictors

— One metric simplifies usage and interpretation
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Summary

* Better visualization of feasible regions for high dimensional
models in the profiler

* Genetic algorithm for flexible constrained optimization
* Handles messy observational data

* Available in predictive modeling platforms

* Available in the graph profiler

Future directions
* K-nearest neighbor-based metric for extrapolation control
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Email us with any further questions!

 Christopher.Gotwalt@jmp.com
* |aura.lLancaster@jmp.com

e Tom.Donnelly@jmp.com

e FElizabeth.Claassen@jmp.com
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Supplemental Slides Added by Tom Donnelly

* Four slides from a presentation on Generalized Regression with
highly correlated data and using Extrapolation Control

* Five slides from an Army presentation at MORSS in 2008
discussing extrapolation with empirical and physics-based
models and showing the convex hull
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https://archive.ics.uci.edu/ml/datasets/Breast+Cancer+Wisconsin+%28Diagnostic%29

Interactive Solution Path — Removing Terms
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Correlation between Mean & Max Concave Points'is 91%

Multivariate Factors contain much the same information
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logqo(Y) = ap + a;x, + ax, + asx; constant + linear
+ @)X Xy + 843X, X5 F @p5XoX;5 + 2-way interactions
+a,X2 + ayX,? + ajx;? + curvature terms

The quadratic model can support many shapes - including;
mountain, valley, ridge, saddle and plane.
l0g4o(y) = Ap+ A X, + AX, + AsX, constant + linear terms

and X, = (X1, X, = (x))"2, X5 = (x5)"3 exponents used to “linearize” model

The linear model can only support a plane.
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Compare Extrapolations for Empirical
(Quadratic) & Physics-Based (Linear)

els (Response shown on Original Scale)
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Volume Enclosed by the 11 Unique

Interior Trials for the 5-cm Tunnel

The red polyhedral shape

‘ | results from “shrink wrapping”
a8 R the 11 non-corner design trials
| for the 5-cm tunnel.

Predictions at the 8 corners of
the design region made using
a model fit to these 11 points
are extrapolated predictions.

SQRT of Drop Size
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Good news: Physics-based linearized model fits well - has
slightly smaller model error (residual std. dev.) and higher
Adjusted-R? than empirical model

Better news: Interpolated model predictions based on fitting
data at 8 corner design points are validated by data at
locations of 11 interior design trials - which were not used in
fitting model

Even better news: Reversing the situation, the extrapolated
model predictions based on fitting data at 11 interior points
are validated by data at 8 corners - which were not used in
fitting model

Maybe best news: As few as 4 corner points + 1 center
point are needed for the 80% solution...
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SQRT_Drop_Size

Predictions on Raw and Transformed Scales
at Location of the Poorest Performing
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